Although Lagrangian and Hamiltonian analytical mechanics represent perhaps the most remarkable expressions of the dynamics of a mechanical system, these approaches also come with limitations. In particular, there is inherent difficulty to represent dissipative processes and the restrictions placed on end point variations are not consistent with the definition of initial value problems. The present work on the time domain response of poroelastic media extends the recent formulations of the mixed convolved action.
Introduction
While Hamilton's principle of stationary action has long been regarded as perhaps the most elegant formulation describing the dynamics of a physical system [1] [2] [3] [4] , it also has notable shortcomings, mainly the inability to model dissipative phenomena and the inconsistency of variations with respect to the specified initial conditions. The former difficulty was noticed early on and in order to accommodate irreversible phenomena, a Rayleigh dissipation function can be introduced, along with a prescribed set of ad hoc rules for taking the variations [5] [6] [7] [8] . While these methods have enjoyed great success for a range of problems, it is well known that such formulations do not lead to true variational principles in a strict mathematical sense.
In order to resolve these main shortcomings of Hamilton's principle, Gurtin [9] [10] [11] and Tonti [12] [13] [14] [15] replaced the inner product operators over time with temporal convolutions. The usual inner products appearing in Hamilton's principle require zero variations at both endpoints and, thus, actually are consistent with boundary value problems. On the other hand, the required restrictions on the variations for convolution-based functionals align well with the given data for initial value problems. Furthermore, the convolution operators allow for the inclusion of dissipative processes without any ad hoc rules for the definition of stationarity of the functional. Along these lines, Oden and Reddy [16] derived a number of continuum convolution-based formulations, including elastodynamics and thermoelasticity, with the latter incorporating the effects of dissipation. In all of this convolution-based work, the objective was to recover the governing partial differential equations as the Euler-Lagrange equations of the variational formulation.
In the present work, we strive to recover the complete definition of the initial/boundary value problem for poroelasticity, including not only the governing partial differential equations, but also the boundary and initial conditions, as the Euler-Lagrange equations of a single scalar action functional. We denote this functional as the mixed convolved action (MCA), which has been developed in recent work for linear 3 lumped parameter single degree of freedom dynamical systems [17, 18] , linear elastodynamic continua [19] and heat diffusion [20] . Here we extend the stationary principle of mixed convolved action to consider the response of linear poroelastic media, based upon the Biot theory [21] [22] [23] [24] . Notably, this novel formulation is demonstrated to recover all of the governing partial differential equations, boundary conditions and initial conditions of Biot poroelasticity as the Euler-Lagrange equations associated with the mixed convolved action functional. This MCA functional is written in terms of mixed impulsive variables, fractional derivatives and convolutions. Thus, a single scalar functional captures all of the conservative and nonconservative aspects of poroelastic response and a new stationary principle is derived without the need for ad hoc assumptions concerning the variations.
Beyond the theoretical significance of the principle of stationary mixed convolved action for linear poroelastic response, these concepts lead directly to the development of novel computational methods involving finite element representations over both space and time. The present paper includes the theoretical formulation in terms of primary mixed variables, which include the impulses of velocity, pressure, stress and flux. From analysis of the mixed convolved action, the former two variables require 0 C continuity over space, while the latter two may be defined with 1 C  spatial continuity. Thus, for a twodimensional numerical implementation, displacement and pressure impulse can be represented using standard three-node linear triangular finite elements, with stress impulse and relative pore fluid displacement defined by independent constants over each finite element. Meanwhile, all four primary impulsive variables require 0 C temporal continuity. Consequently, linear temporal shape functions can be used to represent all of the primary variables over each time step.
Before providing our detailed mixed convolved action formulation, we should mention several other approaches that have been offered to accommodate non-conservative processes within a variational 4 framework. This includes approaches based upon mirrored systems [25] , fractional calculus [26, 27] , bracket formalisms [28] [29] [30] [31] and the related GENERIC framework [32] [33] [34] [35] .
We begin our development in the next section with a review of the governing equations of Biot poroelasticity. Then, in Section 3, the focus shifts to the theoretical development of the new stationary variational principle for poroelasticity in the time domain. Next, to solve general problems of transient poroelasticity, the action principle is discretized in Section 4, using the finite element method in both space and time. Finally, Section 5 provides some conclusions.
Fundamental Relations
As a starting point for the development of a pure variational statement for the problem of dynamic continuum poroelasticity, in this section, we present the basic governing equations. In particular, here we consider viscous flow of a pore fluid as a dissipative process and develop a mixed convolved action formalism for infinitesimal poroelasticity. In a way, this formalism can be regarded as the evolution of previous work on the poroelastic problem in Reference [36] , which used instead an inner product action variation based upon Lagrangian energy and Rayleigh dissipation functionals. [24] , Predeleanu [37] and Manolis and Beskos [38] . However, following the approach taken in Reference [36] , we instead consider mixed formulations written in terms of all four variables. Naturally, in the corresponding rate form, we have for these variables In terms of these mixed variables, the governing differential equations for Biot dynamic poroelastic response over the domain  take the following form: 
as the fluid content rate. The remaining governing equation (4d) represents an extended Darcy's law for pore fluid flow. For a detailed derivation of this particular governing equation, as well as an explicit description of its connection to Darcy's law the reader is referred to Refs. [23, 24, 51] .
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In addition to the governing differential equations, boundary conditions must be specified. For the simplest form, these can be written: Then, to complete the definition of the Biot poroelastic problem, initial conditions are required. In mixed variables, these take the following form at time zero: 
3

Mixed Convolved Action
As noted in the Introduction, previous mixed convolved action formulations have been developed for lumped parameter systems [17, 18] and continua [19, 20] . Here, we extend the MCA approach for poroelastic response, under both dynamic and quasistatic theory. Elements of this formulation can be found already in the mixed Lagrangian formalism (MLF) [36] , where an underlying action is defined implicitly for Biot dynamic poroelasticity by identifying Lagrangian and dissipation functions. However, in [36] , these functions are then integrated over time to provide an inner product-based variational formulation.
Within this MLF, which was developed originally by Sivaselvan, Reinhorn and colleagues [39] [40] [41] , the action in the presence of dissipative effects is never written in explicit form. Instead, special restricted variations are introduced following the Rayleigh dissipation approach to write the stationarity of the action, which then may be used to produce effective numerical algorithms for dynamical problems.
The mixed convolved action for this case can be written by starting from the definitions of the Lagrangian and Rayleigh dissipation functionals in equations (35)- (39) of Reference [36] and converting the inner products term by term to temporal convolutions. The result is a single real scalar functional
be written in the following form: 
for any suitably continuous function () ft, where the non-italic  is the ratio of the circumference to the diameter of a circle.
Notice from (11) that the semi-derivative operator also involves a convolution of the function () ft with a kernel 1 t  , so that many of the terms in the mixed convolved action in (10) are actually convolutions of convolutions. In particular, the first of those terms, with action density these irreversible processes, which is something that cannot be done within the classical Lagrangian inner product framework. Interestingly, all of the other terms involving semi-derivatives can be written with balanced orders of the time derivatives across the two distinct variables. As we shall see, this not only leads to a weak form with ideal properties, but also permits recovery of the complete initial/boundary value problem of dynamic poroelasticity.
The next step is to enforce stationarity of the mixed convolved action (10) by setting the first variation equal to zero. Despite the presence of both first-and semi-derivatives with respect to time, this operation is easily performed and the result can be written as follows:
By using classical and fractional integration-by-parts, we will show that (12) does indeed reproduce all of the elements of the initial/boundary value problem, but first let us establish the weak form to be used as the foundation for a corresponding time-space finite element method for dynamic poroelastic response.
Examining the temporal derivatives in (12) On the other hand, the spatial derivatives in (12) are confined to terms involving variable pairs, including 
In the subsequent section, we will discuss the discretization of (13) and develop a time and space finite element method. Interestingly, for simple spatial and temporal variations, all of the integrals appearing in (13) , including those involving fractional derivatives, can be evaluated in closed form.
However, before moving on to that discussion, let us recover the strong form of the problem by shifting all spatial and temporal derivatives from the variations ( formulas are defined in References [42, 43, 17] , making this a systematic procedure. After some algebraic manipulation, the result can be written as follows: Governing partial differential equations
In addition, the variations are constrained by the following:
Zero variations for specified boundary conditions
Zero end time variations for specified boundary conditions ) 0 Therefore, we are able to define a single real scalar functional, based upon convolution and fractional derivatives, which encapsulates all of the governing differential equations, along with the boundary and initial conditions, for linear dynamic poroelasticity. Furthermore, this represents the first true variational formulation for a dissipative poroelastic continuum.
We should note that the related frequency domain mixed convolution action principle can be found in the initial version of this MCA poroelastic research [44] .
Space and Time Finite Element Formulation
In this section, we develop a computational formulation using finite elements for both space and time based on the weak form (13 Temporally, first order derivatives appear for each field variable so we must maintain 0 C continuity in time, which for the simplest finite element scheme refers to using linear shape functions in time. Note that while the impulses of stress and fluid displacement must be continuous in time, generally the stresses and fluid velocities will not be.
Again we wish to emphasize the absence of the end time constraints that would appear in any application of Hamilton's principle. This allows for very natural use of temporal finite elements without needing to resort to any of the ad-hoc methods of dealing with this constraint [8, 45-47, 39-41, 36] .
Upon spatial discretization of our domain and spatial integration we can the write the terms appearing in the weak form as where all integration is carried out numerically via Gauss quadrature. For more information on shape functions, mapped elements, and numerical integration the reader is referred to the standard finite element textbooks [48, 49] . For an isotropic material the other matrices in equations (22) 
In a similar manner to the other terms appearing in the weak form (13), after spatial discretization, the body force contributions over an element become:
while the terms from the boundary conditions can be obtained by integration over an element edge, yielding
Although for higher order elements there are some interesting ways to accommodate the influences defined in (36a,b), here we simply equate the unknown variables to the known values (i.e.,  ττ and  uu ) on edges associated with t  and v  , such that the enforced tractions have a contribution defined by
while the enforced displacement integral has no explicit additional effect, because
Similarly, for the hydraulic terms, after spatial discretization, the body source contributions over an element can be written:
while the terms from the boundary conditions can be evaluated through integration over an element edge, 
Next we must consider temporal discretization of the weak form. As previously mentioned, due to the presence of first derivatives we must maintain at least 0 C continuity of our field variables, thus linear shape functions are used for temporal interpolation. Then, over a time interval from 0 t t   , we have:
in terms of the temporal shape functions
with similar temporal interpolation for the variations of our field variables, as well as applied body force, traction, body source, and fluid displacement terms.
We now substitute the temporally discretized variables (42a-d) into equation (41) 
We are free to use (44) as our final set of equations, however there is one more simplification that can be made. Because we chose to interpolate the impulses of stress and fluid displacements as element-by- 
a boundary element solution [50] , while a time step study is performed for the second example to demonstrate the convergence characteristics of the present development.
Dynamic poroelastic half-space subject to traction pulses
For this problem we consider the dynamic response of a poroelastic half-space to a spatially uniform normal traction pulse applied to the free surface at 0 x  . Figure 2 illustrates a problem schematic, while Fig. 3 shows the actual domain used for analysis. This domain is then split into 1260 triangular elements with 
Explosion in a cylindrical cavity beneath the surface of a half-space
This second problem examines the dynamic poroelastic response resulting from a radial stress pulse supplied to the surface of a cylindrical cavity embedded in a half-space, as shown in Fig. 6 . The cavity is positioned at a depth of 2 H  below the free surface 0 y  and has diameter 1 D  , where again all parameters are nondimensional. This is shown in Fig. 7 , which provides the actual mesh consisting of 1136 triangular elements used for analysis. Elements have approximate edge length of 0.1 surrounding the cavity, and approximate edge length of 1 on the surfaces furthest from the cavity. The boundaries to the right and bottom of the cavity are far enough away such that waves never reach these distances for the time duration of our simulations, and hence despite the fixed boundary conditions on these surface we still have the equivalent of a half-space.
The explosion pulse is modelled as a radially uniform applied traction () r tt having unit amplitude and a sine-squared temporal profile with unit duration, such that for a single pulse we have but for the permeable cavity boundary condition. Interestingly the maximum displacement peak on the surface of the cavity is slightly larger than on the free surface for the permeable condition, while the maximum displacement peak on the free surface at point O is slightly larger for the impermeable case. For future work, it will be interesting to investigate further these key characteristics of the finite element representations as the nature of the poroelastic problem shifts from a purely conservative process to one dominated by viscous dissipation. In addition, there is a need to seek a fundamental understanding of the physical meaning of the convolved action and to explore the development of new computational algorithms.
